Abstract Assume λ is a singular limit of η supercompact cardinals, where η ≤ λ is a limit ordinal. We present two methods for arranging the tree property to hold at λ + while making λ + the successor of the limit of the first η measurable cardinals. The first method is then used to get, from the same assumptions, the tree property at ℵ η 2 +1 with the failure of SC H at ℵ η 2 . This extends results of Neeman and Sinapova. The second method is also used to get the tree property at the successor of an arbitrary singular cardinal, which extends some results of Magidor-Shelah, Neeman and Sinapova.
Introduction
An important theorem of Magidor [4] says that it is consistent, relative to the existence of a strongly compact cardinal, that the least strongly compact cardinal is also the least measurable cardinal. This result is generalized by ) who showed that for any natural number n, it is consistent, relative to the existence of n supercompact cardinals, that there are at least n strongly compact cardinals, and the first The author's research was in part supported by a grant from IPM (No. 91030417).
B Mohammad Golshani golshani.m@gmail.com n strongly compact cardinals are exactly the first n measurable cardinals. A major open problem is if it is consistent for the first ω strongly compact cardinals to coincide with the first ω measurable cardinals. In [8] , Sargsyan, describes the problems as follows: "It is a difficult problem, one whose ultimate solution might just lie elsewhere then the places that were suspected in the past. Understanding the combinatorics of λ + where λ is a limit of strongly compact cardinals might eventually lead to its negative resolution".
On the other hand a result of Magidor-Shelah [5] says that if λ is a singular limit of strongly compact cardinals, then λ + has the tree property. However this result is not necessarily true for measurable cardinals. This can be seen either using results from core model theory or by a simple forcing argument. Assume V = K, where K is the core model for a strong cardinal, and suppose that λ is a singular limit of measurable cardinals. Then * λ holds, in particular there are special λ + -Aronszajn trees in K, hence the tree property fails at λ + . On the other hand, if λ is as above and if we force * λ using its initial approximations, then in the resulting generic extension, λ remains the singular limit of measurable cardinals, but the tree property fails at λ + .
Motivated by these results, we prove the following.
Theorem 1.1 Assume λ is a singular limit of η supercompact cardinals, where η ≤ λ is a limit ordinal. Then there is a generic extension in which:
(a) λ + is preserved and it is the successor of the limit of the first η measurable cardinals, (b) The tree property holds at λ + .
Our result shows that the tree property is not a suitable candidate for the study of the above cited problem, as suggested by Sargsyan. It is worth mentioning that it is easy to modify Neeman's proof of the tree property at ℵ ω+1 in [7] to get the tree property at the successor of the supremum of the first ω measurable cardinals. This is enough to show that the tree property is not sufficiently strong to separate the first limit of measurable cardinals from the first limit of strongly compact cardinals. The main advantage of the above theorem is that it works for all cofinalities and also the proofs of the theorem allow us to get more results about the tree property.
In this paper we will present two different proofs of the above theorem, the first one uses diagonal Magidor forcing with interleaved collapses and the second one uses Levy collapses.
The diagonal Magidor forcing with interleaved collapses was introduced by Sinapova [9] (see also [11] ), where she used the forcing to get the failure of SC H at ℵ ω 2 1 together with the existence of a very good scale and a bad scale at ℵ ω 2 1 +1 . Our fist proof of Theorem 1.1 uses the above forcing notion and is much more complicated than the second proof which uses Levy collapses. The reason for giving such a proof is that, unlike the second proof, the method is more flexible and allows us to add the failure of SC H into our conclusion. To be more precise, we use the method to prove the following theorem, which extends results of Neeman [6] and Sinapova [11, 12] .
Theorem 1.2 Assume λ is a singular limit of η supercompact cardinals, where η ≤ λ is a limit ordinal. Then there is a generic extension in which:
(a) λ + = ℵ η 2 +1 ,
